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The interface behaves in a way similar to a thinly stretched membrane.
The prediction of the evolution of the interface and the treatment of the interface conditions have been a challenging task for numerical simulations.
The pressure jump across the interface is related to the surface tension coefficient a (only constant a is considered), the curvature of the interface _, and the viscous stress tensor r _ by the Laplace's formulas [5] :
where n is the unit normal of the interface, and the subscripts 1 and 2 denote the two different fluids.
Most existing numerical methods for multiphase/free-surface flows fall into two cat- [10, 11] . A detailed description of the CSF model will be given in the next section.
For methods
in the second category [12, 13, 14, 15, 16] , which are referred to as where f is the body force,a and _ are the surface tension coefficient and the curvature of the interfaces, the same as in (1),C isthe color function,and [C] denotes the jump of C across the interface.The curvature _ in the above formulation is calculated from:
where n is the unit normal to the surface,which is obtained from: 
where 6ij is the Kronecker delta.
The volumetric body force caused by the surface tension is expressed as:
_ O_'_j (6) It can be easily verified that f defined by Eqs. (5) and (6) is analytically equivalent to that of the original CSF model given by Eqs. (2)- (4). The advantage of using the formulation given by Eqs. (5) and (6) instead of the original CSF model is that Eqs. (5) and (6) do not require the explicit calculation of the normalized gradient term in the right hand side of Eq. (4), whose definition is not clear when the denominator [VC[ approaches zero. In Eqs. (5) and (6) both -r and f are well defined in the whole domain;
and naturally vanish when [VC[ becomes zero. An additional advantage of using the stress tensor r is that it can be regarded as part of the momentum flux. In many numerical procedures -r can be used directly and there is no need to calculate f.
It is worth pointing out that the stress tensor r also describes more directly the fluid physics at the interface than the force term f. To illustrate this argument, let 1 and 2 denote, respectively, the directions along and normal to the interface in two dimensions ( Figure  1 ). We have:
(vc)l : 0, (vch = Ivcl
The stress components are (for clarity the definition of stress is a/so given in Figure 1) :
From the above we have:
This indicates that when the interface thickness approaches zero, the stress tensor defined by Eq. (5) also approaches the true surface tension.
The fact that _-n is always positive in the transition region reflects that the interface is like a stretched membrane.
I" is also useful in situations when the surface tension coefficient a is no longer constant. 
where n is the unit normal to the surface as defined by Eq. (4). It is easy to verified that. in Eqs. (5) and (6) [4, 20, 24] .
The fluids are identified by the different value of the color function C, which is convected by the flow field: aC
Some numerical examples in this paper deal with axisymmetric (non-swirling and swirling) flows, which require the above equations to be recast into a cylindrical coordinate system. These equations will be given in Appendix A.
Fluid properties such as the density and the viscosity are assumed to be distributed in the same manner as C, i.e., p2 -pl (C -C1)
The governing equations, Eqs. (8)-(12), are first discretized in time. The backward Euler difference scheme is used: 
An
Oscillating Bubble solid line -- (1) for the pressure jump is satisfied.
In Figs. 4 and 5 the interface shapes at different times are shown for two dimensional and axisymmetric cases, respectively. The corresponding time history of the interface locations on the x -axis is shown in Figure  6 . 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 40 , respectively Figure   5 : An oscillating bubble, interface profile for a0dsymmetric case, t = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 40, 
Two-Uquid Interface Problem
This example is due to Tezduyar, et al. [16] . In this problem, a two dimensional 0.8 x 0.6 box is fully occupied by two liquids of equal volume. Figure  7 shows the interface profile and velocity field at different times. Figure  8 shows shown in Figure  9 . The pressure is specified on the top left corner of the domain. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19 , respectively As only the steady state solution is of interest, a linearization iteration is performed only once in each time step. Figure 10 shows the steady state interface profile. 
A
The Governing Equations in Cylindrical Co-
ordinate System
The Navier-Stokes equations given by Eqs.
(8)- (9) can be written in a cylindrical coordinate system as:
Oz
The definition of w, Eq. (10), is given as: 
